Abstract Let E n = {x i
For a non-negative integer n, let r k (n) denote the number of representations of n as a sum of k squares of integers. Let E n = {x i + x j = x k , x i · x j = x k : i, j, k ∈ {1, . . . , n}}. For an integer n 13, let B n denote the following system of equations ( [1] ):
∀i ∈ {1, . . . , n − 13} x i · x i = x i+1
x n−11 + x n−11 = x 1 x n−11 · x n−11 = x 1 x n−10 · x n−10 = x n−9 x n−8 · x n−8 = x n−7 x n−6 · x n−6 = x n−5 x n−4 · x n−4 = x n−3 x n−9 + x n−7 = x n−2 x n−5 + x n−3 = x n−1 x n−2 + x n−1 = x n x n−11 + x n−12 = x n The system B n is contained in E n and B n equivalently expresses that
all the other variables are uniquely determined by the above con junction and the equations o f B n .
Theorem 1. ([1])
The system B n has exactly 1 + r 4 2 + 2 2 n−12 = 1 + 8σ 2 + 2 2 n−12 solutions in integers x 1 , . . . , x n , where σ(·) denote the sum of positive divisors.
For a positive integer n 12, let T n denote the following system of equations:
x n−10 · x n−10 = x n−10 x n−10 + x n−10 = x n−9 x n−8 + x n−9 = x 1 x n−8 · x n−7 = x n−11 x n−10 · x n−7 = x n−7 x n−6 · x n−6 = x n−5 x n−4 · x n−4 = x n−3 x n−2 · x n−2 = x n−1 x n−5 + x n−3 = x n x n−1 + x n = x n−11
Theorem 2. The system T n is contained in E n and T n has exactly 1 + 2 n−12
solutions in integers x 1 , . . . , x n .
Proof. The system T n equivalently expresses that
all the other variables are uniquely determined by the above con junction and the equations o f T n .
In the second case, by the polynomial identity
we obtain that 2 2 n−12
. Therefore, x 1 ∈ 2 ± 2 k : k ∈ 0, 2 n−12 ∩ Z . Consequently,
Since the last five equations of T n equivalently express that x n−11 = x 2 n−6 + x 2 n−4 + x 2 n−2 , the proof is complete.
The following lemma is a consequence of Siegel's theorem ( [4] ). − ε for every non-negative integer s and every positive integer m
Let b n denote the number of integer solutions of B n , and let t n denote the number of integer solutions of T n .
Proof. Let an integer n is greater than 12. By Theorem 2,
for every integer n > 12. We take ε = 1 4 . Since 2 n−12 − 1 2 n−13 , we get
Since 1 < σ 2 + 2 2 n−12 and 2 + 2 2 n−12 < 2 2 n−11
, Theorem 1 gives: . This quotient tends to infinity when n tends to infinity, which completes the proof. is written in lowest terms. Let us define the height of a rational tuple (x 1 , . . . , x n ) as the maximum of n and the heights of the numbers x 1 , . . . , x n .
For an integer n 4, let S n denote the following system of equations: define the unique integer solution whose height is maximal.
Conjecture. If an integer n is sufficiently large and a system
has only finitely many solutions in positive integers x 1 , . . . , x n , then each such solution
A bit stronger version of the Conjecture appeared in [5] . The Conjecture implies that there is an algorithm which takes as input a Diophantine equation, returns an integer, and this integer is greater than the heights of integer (non-negative integer, positive integer, rational) solutions, if the solution set is finite ( [5] ).
Let us pose the following two questions: Question 1. Is there an algorithm which takes as input a Diophantine equation, returns an integer, and this integer is greater than the heights of integer solutions, if the solution set is finite? Question 2. Is there an algorithm which takes as input a Diophantine equation, returns an integer, and this integer is greater than the number of integer solutions, if the solution set is finite?
Obviously, a positive answer to Question 1 implies a positive answer to Question 2. . . . , x n ) = 0 whose solution set in integers is non-empty and finite. We claim that the number of integer solutions to the equation
is finite and greater than d.
Proof. There exists an integer tuple (a 1 , . . . , a n ) such that D(a 1 , . . . , a n ) = 0 and max (n, |a 1 |, . . . , |a n |) = d. The equation n 2 + a Proof. In order to compute an upper bound on the heights of integer solutions to a Diophantine equation D(x 1 , . . . , x n ) = 0 with a finite number of integer solutions, we compute an upper bound on the number of integer solutions to the equation By Lemma 2, this number is greater than the heights of integer solutions to D(x 1 , . . . , x n ) = 0.
